
Introduction
The forming processes of me-

tal strips with a predefined profile
geometry are widely used in the
manufacturing of complex techni-
cal components operating under
bending, guided displacement, or
precise positioning conditions.
The importance of such process-
es lies in the need to ensure stable
geometry through a single-step de-
formation without subsequent heat
treatment or straightening opera-
tions.

For example, the production of
integral covers for book and mag-
azine products includes folding
and flap-gluing operations, where
the profile-folding strips play a cri-

tical role. These operations are per-
formed on high-throughput fold-
ing-gluing lines, and the strips are
responsible for ensuring accurate
profile formation and geometric
stability under multiple deforma-
tion cycles.

During high-speed sheet pas-
sage through the folding mecha-
nism, these strips are subjected to
intensive loading, including cyclic
friction and localized plastic defor-
mation. This leads to surface wear
and geometric instability, which
critically affects the functional reli-
ability of folding systems.

A review of scientific literature
shows a large number of studies
related to sheet metal bending,
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The object of this study is the process of profile formation 
in folding strips through deformation of metal plates using

mechanical and mathematical modeling. The aim is to deter-
mine the influence of the physical and mechanical properties 

of materials and the type of profile on stress distribution 
and geometry formation during bending.

The results can be implemented in the engineering design 
of profiled strips with predictable geometric parameters,

improved stability, and wear resistance, tailored to specific
operating conditions.
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cold rolling, leveling, and straight-
ening. These works mainly focus
on analytical or numerical models
for stress fields and residual strain
calculations. However, most of them
do not thoroughly consider the
physical and mechanical proper-
ties of specific structural materials
or their effect on profile accuracy,
especially under single loading
scenarios.

One of the key unresolved is-
sues remains the development
of a unified mechanical-mathe-
matical model capable of describ-
ing the elastoplastic deformation
behavior of profiled strips, taking
into account tool loading types,
indenter geometry, material prop-
erties, springback effects, and
residual stress development.

The final shape prediction after
deformation is complex, as even
with the same profile geometry,
different metals (e.g., steel, titani-
um, aluminum, brass) demonstra-
te significant differences in flow
characteristics, stress localiza-
tion, strain patterns, and spring-
back effects.

In modern engineering design,
there is a growing need for models
that allow for profile parameter
prediction without extensive phys-
ical testing. Despite advances in
plastic deformation modeling, com-
parative analysis of dissimilar ma-
terials in the context of profile for-
mation remains insufficiently ex-
plored.

In particular, there is limited
data on the deformation behavior
of widely used engineering mate-
rials such as cold-rolled low-car-
bon steel DC01 (AISI 1008), stain-
less steel AISI 321, commercially
pure titanium Grade 2, aluminum al-
loy Al 6061, and brass L63. These

materials differ significantly in terms
of plasticity, stiffness, and elastic
recovery, which precludes a one-
size-fits-all modeling approach.

The lack of a universal method-
ology for profile formation assess-
ment across different metals com-
plicates engineering optimization,
stress–strain state prediction, and
the design of efficient folding me-
chanisms.

Therefore, the scientific novel-
ty and relevance of this study lie in
the development of a universal
approach for modeling the elasto-
plastic behavior of strips made of
different materials, considering
real technological and geometric
parameters. This will enable accu-
rate prediction of profile forming
results and improve the perform-
ance precision of folding mecha-
nisms.

In contemporary scientific liter-
ature, considerable attention is
paid to the mathematical and nu-
merical modeling of metal strip
processing, particularly profiling,
bending, leveling, and cold rolling.
In most cases, research focuses
on residual stress distribution, the
influence of equipment or material
parameters on the stress-strain
state, and the modeling of defor-
mations using the finite element
method (FEM).

Article [1] reviews recent advan-
ces in tribology, including mecha-
nisms of friction and wear during
contact in deformation zones.
While a wide range of examples is
provided, the study does not fo-
cus on the bending of metal strips.
Thus, the tribological findings are
useful for modeling contact inter-
actions but do not address profile
geometric accuracy.
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The materials presented in [2]
focus on the development of a
method for evaluating residual
stresses in the leveling process of
metal strips using roller systems.
The model accounts for plastic
deformation and its influence on
the internal stress state. However,
the study lacks an analysis of geo-
metric profile stability and the
effect of material type on defor-
mation results.

Publication [3] presents a nu-
merical-analytical study of forces
in three-roll bending of metal sheets.
The model considers contact in-
teractions and force distributions,
which are relevant to profiling.
Nonetheless, the study does not
analyze the geometric accuracy
of the profile or compare different
materials.

Study [4] investigates the me-
chanical behavior of RHS steel pro-
files reinforced with GFRP com-
posites using both experimental
and numerical analysis. While the
reinforcement’s effect on load-
bearing capacity is analyzed, the
study does not include detailed
modeling of the profiling process
or geometric transformations spe-
cific to folding mechanisms.

Results presented in [5] per-
tain to the unbending of profiled
metal sheets in remanufacturing
operations. Particular attention is
given to the effects of residual
stresses and deformations on
geometry recovery. However, the
work lacks mathematical or me-
chanical-geometrical modeling of
the initial profiling stage and does
not analyze stress distribution in
the bending zone when forming
complex structural elements.

The study [6] proposes a ma-
thematical model for cold-rolled

strip distortion, considering its ini-
tial geometry. The model enables
prediction of wave height during
rolling. However, it does not pro-
vide data on the behavior of differ-
ent material types or the impact of
profile formation in bending ele-
ments.

In article [7], a new model for
metal strip leveling is developed
based on the interaction of ‘roller-
strip’ elements. The model is im-
plemented as a numerical algo-
rithm that accounts for contact
forces and plasticity. However, it
does not consider the formation of
complex profile geometry or mul-
ti-step loading scenarios.

Study [8] presents experimen-
tal results of strip straightening on
multi-roll machines. The work ana-
lyzes the technological parameters
influencing strip stability. How-
ever, it lacks a numerical descrip-
tion of the profiling process and
does not account for material vari-
ability.

Experimental study [9] addres-
ses the use of FEM for modeling
asymmetric rolling processes. Spe-
cifically, deformation scenarios
under varying roller speeds and
center-of-mass shifts are analy-
zed. Nevertheless, the study does
not include examples of bending
or formation of geometrically com-
plex profiles.

Publication [10] investigates
the effect of cross-section shape
on the final form of a bent strip in
compression-assisted bending.
The study confirms the signifi-
cance of initial geometry for bend-
ing accuracy. However, the model
does not account for residual stress
distribution or material type.

Source [11] models a multi-roll
cold rolling process with an em-
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phasis on profile convexity trans-
fer between deformation stages.
A 3D FE model is used for analyz-
ing shape formation during multi-
stage rolling. However, the model
does not address bending as a
separate stage or profile forming
with springback.

Scientific work [12] proposes a
method for developing a theoreti-
cal model of bending forces in cold
asymmetric rolling. The model es-
timates stress distribution result-
ing from asymmetric roller inter-
action. However, the study does not
consider the post-deformation pro-
file state or geometric accuracy.

The research review [13] pres-
ents an approach to validating re-
sidual stress calculations in struc-
tural steels using the contour
method. The study combines FEM
and experimental investigations
on a benchmark sample. However,
it lacks analysis of geometric
changes or modeling of the profi-
le-forming process during bending.

To generalize the approaches
presented in the analyzed sour-
ces, a classification of the studies 

was conducted based on the type
of modeling used. Specifically, the
share of studies based on analyti-
cal descriptions, numerical simu-
lations (primarily FEM), experi-
mental methods, or their combi-
nation as hybrid techniques was
analyzed. The results are shown in
fig. 1, which illustrates the distri-
bution of studies by predominant
model type.

Thus, the available works sig-
nificantly expand the understand-
ing of individual stages of metal
strip processing — bending, level-
ing, and rolling. However, none of
them offers a comprehensive me-
chanical and mathematical mod-
eling of the strip profiling process
for the production of folding me-
chanism components that simul-
taneously:

— considers material-depend-
ent parameters (steel, titanium,
aluminum, brass),

— describes the distribution of
residual stresses,

— predicts elastic springback
after loading,
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Fig. 1. Distribution of scientific sources by model type (analytical, 
numerical, experimental, hybrid) in the literature review



— allows assessment of the
geometric accuracy of the formed
profile.

This highlights the scientific
and applied relevance of further
research aimed at developing a
generalized mechanical and ma-
thematical model that integrates
analytical relationships and nume-
rical simulation methods. Such a
model should enable the predic-
tive formation of strip profiles, ac-
counting for material-dependent pa-
rameters, residual deformations,
and industrial application condi-
tions.

Purpose of the study — to im-
prove the accuracy of the profile-
forming process of metal strips by
developing a mechanical and ma-
thematical model of plastic defor-
mation for a selected group of stru-
ctural materials, taking into ac-
count their physical and mechani-
cal properties and the character-
istics of the stress–strain state.

To achieve this purpose, the fol-
lowing tasks must be solved:

— To perform a comparative
analysis of the physical and me-
chanical properties of a selected
group of structural materials (AISI
1008, AISI 321, Ti Grade 2, Al 6061,
L63) in terms of their suitability for
profile plastic deformation, and to
evaluate the influence of these pro-
perties on profile-forming param-
eters.

— To develop a geometric and
mechanical-mathematical model
of the profiling process of metal
strips that describes the stress–
strain state in the strip cross-sec-
tion, taking into account the elas-
tic–plastic behavior of the materi-
al and its contact interaction with
the tooling.

—To conduct numerical simu-
lation of the profile-forming pro-
cess using the finite element me-
thod (FEM) for each selected ma-
terial; to identify characteristic
deformation zones, stress fields,
and the amount of springback.

— To evaluate the influence of
material properties on the accura-
cy of profile formation, to estab-
lish deformation patterns, and to
provide engineering recommen-
dations for material selection and
process conditions aimed at en-
suring the stability of the profile
geometry after deformation.

Methods
The study utilizes a selection of

structural materials differing in
mechanical and physical proper-
ties to model the process of single
plastic deformation aimed at for-
ming a stable profile in metal strips.
The selected materials (table 1)
include:

— Steel DC01 (1.0330, EN 10130,
AISI 1008) — cold-rolled low-car-
bon steel characterized by high for-
mability and technological adapt-
ability;

— Stainless steel AISI 321 —
a chromium-nickel austenitic steel
alloyed with titanium, resistant to
intergranular corrosion and defor-
mation in high-temperature envi-
ronments;

— Titanium Grade 2 (UNS R50
400) — commercially pure titani-
um with high corrosion resistance
and low density;

— Aluminum alloy 6061 (AlMg1
SiCu) — typically used where a
combination of low weight, high
strength, and good machinability
is required;
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— Brass L63 (CuZn37) — a two-
phase copper-zinc alloy featuring
high plasticity and stable behavior
during cold deformation.

Table 1 presents the key physi-
cal and mechanical properties of
the selected structural materials
used for the numerical modeling
of the profile forming process. To
visually demonstrate the variation
of these properties among the cho-
sen materials, comparative diagrams
were constructed (fig. 2).

The indicators presented in the
diagrams allow for analyzing the
differences in the physical and
mechanical properties of structur-
al materials that influence the
behavior of metal strips during
the profile formation process. This,
in turn, makes it possible to estab-
lish correlations between the stru-
ctural characteristics of the mate-
rials and their ability to undergo
plastic deformation under exter-
nal loading.
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Table 1
Properties of structural materials used in the study

Material

Yield

Strength,

MPa

Young’s

Modulus,

GPa

Poisson’s

Ratio

Density,

g/cm3

Strain Har-

dening Co-

efficient, n

AISI 1008 Steel 140 210 0.29 7.85 0.20

AISI 321 Stainless Steel 205 190 0.30 7.90 0.25

Titanium Grade 2 275 105 0.34 4.51 0.18

Aluminum 6061 276 69 0.33 2.70 0.16

Brass L63 210 100 0.31 8.50 0.22

Fig. 2. Comparison of mechanical and physical properties of structural 
materials used in the modeling of profile formation processes



In this study, the profile forma-
tion process of folding strips was
numerically modeled using the
finite element method (FEM). The
purpose of the modeling was to
construct the geometric surfaces
of the profiled strips and to ana-
lyze the influence of material me-
chanical properties on their beha-
vior under different bending shapes.

The geometric model was rep-
resented as rectangular strips with
dimensions of 100´20´1 mm. A
regular finite element mesh with a
5 mm step size was used in the
calculations. The element type
was a 3D solid. The simulation was
performed under a static nonlin-
ear formulation, taking into ac-
count large deformations. The de-
formation force was applied in the
form of a controlled displacement
that transformed the initial flat
strip into one of four target profile
shapes: logistic, sinusoidal, para-
bolic, and involute. The profile axis
was oriented along the length of
the strip. The material model was
implemented as an elastic-plastic
relationship using the von Mises
yield criterion [14].

For the simulation, a condition-
ally rigid scheme of the profiling
tool was used, in which the con-
tact between the tool surface and
the strip was modeled using non-
linear contact constraints, incor-
porating Coulomb friction (coeffi-
cient of friction — 0.12) (fig. 2).

The material properties of each
material were defined using an
elastic-plastic model with isotrop-
ic hardening, accounting for the
nonlinear stress range (up to 20 %
strain).

The analysis of results included
the construction of the deformed
geometry for each profile type, eva-

luation of stress distribution, iden-
tification of plastic deformation
zones, and determination of the in-
fluence of mechanical properties
on the accuracy of profile forma-
tion.

The modeling results were com-
pared for each of the five materi-
als to identify the patterns in how
physical and mechanical charac-
teristics affect profiling quality,
particularly geometric reproduc-
tion accuracy and the stress–strain
state in the deformation zone. The
results are presented as 3D visual-
izations, stress–strain diagrams,
and comparative tables.

Results
A simplified geometric model

of the plastic profile deformation
process of a metal strip is shown
in the diagram (fig. 3). The initial
strip of rectangular cross-section
is subjected to local loading by
means of a profiled indenter,
whose shape determines the final
geometry of the deformed zone.

The model accounts for con-
tact interactions between the in-
denter and the metal strip, as well
as nonlinear effects occurring in
the plastic deformation zone. Ba-
sed on this geometric model, bo-
undary conditions were formulat-
ed for further numerical analysis
of the profile plastic deformation
process. In particular, the influ-
ence of the elastoplastic proper-
ties of materials on the stability of
the formed geometry and the uni-
formity of strain distribution in the
contact zone with the indenter
was investigated. For preliminary
assessment of shape stability, a
comparative analysis of materials
based on their mechanical prop-
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erties was performed. The corre-
sponding results are presented
in fig. 4.

The diagram presents normaliz-
ed formability scores for five stru-
ctural materials, obtained through
an analytical calculation of the
product of Young’s modulus and
yield strength (as indicators of stiff-
ness and resistance to plastic de-
formation). In this context, forma-
bility reflects the material’s ability
to retain the imparted shape after

load removal without elastic recov-
ery or geometric instability of the
profile. The obtained values were
normalized within the [0;1] interval
for ease of comparison:

— AISI 321 — 1.00 (maximum
stiffness and high yield strength);

— AISI 1008 — 0.88 (high stiff-
ness with moderate yield strength);

— L63 — 0.55 (high plasticity
with moderate stiffness);

— Ti Grade 2 — 0.52 (high yield
strength with low stiffness);

Fig. 3. Simplified geometric model of the profile plastic deformation process 
of a metal strip under the action of an indenter: 1 — spherical indenter; 2 —
metal strip before deformation; 3 — profiled zone after plastic deformation; 
F1, F2 — deformation forces; R — radius of the spherical forming surface of
the indenter; Lfr — deformation zone length; S — width of the final deformed

section; q — profile deformation angle; y = f(x) — function describing the
shape of the profile

Fig. 4. Formability evaluation of the investigated materials based 
on reference mechanical properties



— Al 6061 — 0.42 (lowest stiff-
ness and relatively high plasticity).

This approach enables a quan-
titative comparison of the materi-
als’ potential to maintain shape
following plastic deformation dur-
ing profiling.

Given the obtained formability
assessments, it is necessary to se-
lect folding plate geometries that
minimize the influence of elastic
springback and support stable
shape formation regardless of the
material type. In this context, it is
advisable to compare analytical
models of profiles that differ in cur-
vature characteristics and poten-
tial to ensure uniform bending.

Figure 5 presents three basic
profile types — sinusoidal, para-
bolic, and logistic — that may be
used as functional geometries of
folding plates in the technological
process of deforming flat metal
strips with varying stiffness and
plasticity indices.

Among the smooth geometric
curves (fig. 5) that can be used to
describe the deformation trajec-
tory of folding plates, the sinuso-
idal function is analyzed first. In

particular, a half-period of the sine
wave enables the formation of a
symmetric bend with a gradual
entry and exit, which is suitable for
modeling repeated contact defor-
mations. The sinusoidal profile is
defined by the expression:

(1)

where y(x) — profile height at
point x; h — amplitude of the bend
(maximum height); L — length of
the profiled segment.

The shape of the curve pro-
vides a smooth rise and fall of the
profile height, ensuring minimal
gradient loading during plate pro-
filing. Due to this, the sinusoidal
profile is suitable for materials that
are highly sensitive to local stress
concentration, particularly alumi-
num and titanium alloys.

Advantages of the sinusoidal
profile include:

— Moderate conformity to the
natural bending trajectory under
translational loading;

— Absence of abrupt curvature
changes;
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Fig. 5. Geometrical profiles of folding plates constructed based on sinusoidal,
parabolic, and logistic functions



— Applicability in finite element
modeling environments;

Easy implementation through
cold extrusion or template-based
bending.

These properties make the si-
nusoidal profile suitable for appli-
cations where stress concentra-
tion reduction and uniform load
distribution along the length of the
profiled plate are critical. This en-
sures a smooth alignment of cover
elements during bending along
the folding plate profile, reducing
the risk of local deformations and
loss of geometric stability of the
formed profile.

One of the simplest and most
effective methods for mathemati-
cally describing a smooth bend for
folding plate formation is the use
of a parabolic profile (fig. 5). This
approach allows modeling of gra-
dual shape formation, in which the
bending trajectory changes with
acceleration — typical for the plas-
tic deformation of metal plates un-
der external loading.

The parabolic function is ex-
pressed as follows:

(2)

where y(x) — vertical deflection of
the profile at point x; h — maxi-
mum bending height; L — profile
length.

This function starts from zero
height, gradually increases, and
reaches the maximum value h at
the end of the segment x = L,
which ensures a smooth rise in
deformation during the profiling
process of the strips.

Advantages of the parabolic
profile:

— simplicity of analytical des-
cription;

— smooth increase in bending
without abrupt changes in curva-
ture;

— suitability for numerical
analysis and experimental repro-
duction via roll or stamping defor-
mation.

Due to these characteristics,
the parabolic function is widely
used for constructing profile tra-
jectories in technical forming
tasks.

One of the promising appro-
aches to profile formation is the
use of the logistic function (fig. 5),
which provides a smooth variation
of curvature along the length of
the guide. This approach enables
the modeling of a gradual transi-
tion of the folding plate surface
toward the cover unfolding plane
without abrupt trajectory changes,
thereby reducing local stress con-
centrations in the contact zone.

The logistic function has the
form:

(3)

where y(x) — vertical deviation of
the profile at point x; h — maxi-
mum bending height; x0 — coordi-
nate of the inflection point (center
of the transition zone); k — steep-
ness parameter determining the
curvature variation pattern.

Advantages of using the logis-
tic function for geometric profile
modeling include:

— symmetry with respect to
the axis x = x0;

— controlled rate of approach
to the asymptotic height h;
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— absence of discontinuities
or abrupt changes in the first deri-
vative, ensuring a smooth bending
transition;

— flexible adjustment of the
profile to specific material proper-
ties via the parameter k.

The shape of the curve is char-
acterized by a smooth S-shaped
increase, which ensures controll-
ed material deformation along the
profile length. Therefore, the lo-
gistic profile serves as a mathe-
matical model that allows for pre-
dictable control of the folding pla-
te formation process under a sin-
gle plastic deformation load.

Following the analysis of three
basic profile curves, it is advisable
to consider the involute curve as
an alternative geometric shape
with promising engineering appli-
cations in profiling flat metal pla-
tes.

The involute curve (involute of
a circle) is a classical element of
technical geometry that is widely
used in mechanical engineering
for constructing meshing surfa-
ces. In the context of folding plate
formation, such a curve enables con-
trolled and gradual contact bend-
ing with uniform strain distribution
along the guide line.

The involute is defined by the
following parametric equations:

(4)

where R — the radius of the base
circle; t — a parameter that deter-
mines the length of the curve’s
unwinding.

As the parameter t varies from
0 to a chosen value, the involute
unfolds from the base circle and

forms a curve characterized by a
monotonic increase in curvature.
This property is important for
gradual bending without localized
material overloading.

Advantages of the involute pro-
file include:

— uniform curvature progres-
sion along the length of the bend,

— minimization of stress con-
centrations in contact zones,

— high accuracy in predicting
the bending trajectory,

— geometric compatibility with
profile guides in mechanical sys-
tems.

Fig. 6 presents a fragment of
the involute curve for R = 20 mm,
constructed within the parameter
range t = [0, p/2]. This corre-
sponds to the natural bending tra-
jectory of the flaps of integral cov-
ers during movement along the
guide surface.

Thus, the involute dependency
represents a mathematically justi-
fied option for constructing pro-
files that ensure controlled plastic
deformation of the material with
predictable geometric parame-
ters. The advantage of this geom-
etry lies in its ability to adapt to dif-
ferent loading conditions, enabling
gradual deformation growth with-
out the formation of local stress
concentrations.

For various structural metals
from the sample set (AISI 321, AISI
1008, L63, Ti Grade 2, Al 6061),
the suitability of a specific profile
depends on the combination of their
Young’s modulus, yield strength,
and elastic springback. Table 2 pre-
sents a comparative assessment
of the recommended profiles for
each metal, taking into account
their formability and deformation
behavior characteristics.
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Based on the generalized data
presented in table 2, a graphical
interpretation was performed to
illustrate the relationship between
types of geometric profiles and
structural materials. This visuali-
zation enables a rapid assessment
of the suitability of specific profile
shapes for use with materials pos-
sessing different physical and
mechanical properties.

Fig. 7 presents a formability
suitability chart that visualizes the
correspondence between geo-
metric profile types (logistic, para-
bolic, sinusoidal, involute) and
structural materials (AISI 321, AISI
1008, L63, Ti Grade 2, Al 6061)
based on key mechanical charac-
teristics.

This binary comparison pro-
vides a justified assessment of the
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Fig. 6. Involute curve as a geometric basis for constructing a bending profile
with uniform strain development

Table 2
Recommended geometric profiles for structural materials

Material Recommended profile Justification

AISI 321 Logistic/Parabolic
Maximum shape stability; suitable 

for precise bending

AISI 1008 Parabolic/Logistic
Optimal stiffness; deformation 

without overload

L63 Sinusoidal
Flexible; requires gentle load 

distribution

Ti Grade 2 Sinusoidal/Involute
Plastic; requires uniform profile 

formation

Al 6061 Sinusoidal/Parabolic
Prone to instability; needs smooth

curvature transitions



feasibility of using a given profile
geometry for each material, tak-
ing into account their ability to en-
sure stable shape formation under
single plastic loading without loss
of geometric stability of the for-
med profile.

For a more in-depth analysis of
the shape formation of profiled
strips, it is advisable to consider
the problem of continuous bend-
ing, which accounts for motion
along a predefined geometric tra-
jectory. This approach enables the
modeling of real conditions in which
a metal strip passes through a pro-
filing tool that forms the desired
surface curve.

The problem of two-dimensio-
nal bending of a flat metal strip
moving along a profiling indenter
with a prescribed curve y = f(x)
(e.g., sinusoidal, parabolic, logis-
tic, or involute) is considered.

Kinematic assumptions:
— Deformation occurs in the

bending plane xOy;
— Contact between the strip

and the tool occurs along a curved
surface under constant pressure;

— Strip thickness changes ne-
gligibly (small bending assumption).

The material behavior of the
strips is described using an elasto-
plastic model with isotropic hard-
ening — the Hooke–Hencky model
[15], which captures both elastic
and plastic stages of deformation.
This model allows for an accurate
representation of the stress–strain
state in the strip cross-section un-
der single loading conditions, in-
corporating the effects of elastic
springback and material harden-
ing. Its application within the fra-
mework of mechanical-mathema-
tical modeling provides a techni-
cally substantiated engineering
assessment of shape formation,
deformation zones, and residual
stresses in the profiling process.

Model components:
1. Hooke’s Law (linear elastic

region):
Describes the linear relationship

between stress and strain up to
the yield point. The formula for the
uniaxial case is:

s = E . e,                    (5)
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Fig. 7. Comparison of mechanical and physical properties 
of structural materials



where s — stress; e — strain; E —
Young’s modulus.

2. Plastic deformation accord-
ing to the Hencky model:

Accounts for the nonlinear (post-
yield) behavior of the material. Af-
ter reaching the yield strength, the
material continues to deform with
strain hardening, expressed as:

s = sy + K . en,               (6)

where s — yield strength; K —
hardening coefficient; n — strain
hardening exponent.

3. Transition conditions:
The model allows a smooth tran-

sition from elastic to plastic beha-
vior:

— Hooke’s law is valid up to sy,
— beyond that point, the Hen-

cky model applies.
Assumptions:
— Strains are small (e ≪ 1);
— The profiling tool is consid-

ered perfectly rigid;
— Friction between the strip

and the profiling tool is modeled
using the Coulomb friction law
[16].

Figure 8 presents a diagram il-
ustrating the Hooke–Hencky mo-
del, which describes material de-
formation across two main stages.

In the elastic region (left part of
the curve), stress is linearly de-
pendent on strain in accordance
with Hooke’s law. In contrast, in
the plastic region (right part of the
curve), the model accounts for
isotropic hardening, i.e., the grad-
ual increase in deformation resist-
ance due to the accumulation of
internal structural changes within
the material.

During the profiling of a metal
strip, it is essential not only to
accurately describe the internal
stress–strain state of the material
but also to consider the contact
interaction between the tool and
the workpiece. A key factor in this
interaction is the frictional force,
which affects both the load distri-
bution and the accuracy of the
shape formation.

To describe the contact inter-
action, the classical Coulomb dry
friction model is applied. Accor-
ding to this model, the frictional
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Fig. 8. Stress–strain state of the material according to the Hooke–Hencky
model with elastic and plastic deformation regions



force Ft is directly proportional to
the normal load N and is defined
by the following equation:

Ft = m . N,                   (7)

where Ft — friction force (N); m —
coefficient of friction (dimension-
less), depending on the material
pair of the contacting surfaces;
N — normal force acting perpen-
dicular to the contact surface (N).

According to Coulomb’s law,
two friction regimes are consid-
ered, which depend on the pres-
ence or absence of relative motion
between the contacting bodies.
These regimes are critical for ac-
curately describing the contact
interaction between the profiling
tool and the deformed strip during
the forming process:

1. Static friction (before motion
begins):

Ft £ ms . N,                  (8)

where ms — the coefficient of stat-
ic friction. In this regime, no rela-
tive displacement occurs between
the surfaces, and the frictional
force gradually increases until
motion initiates.

2. Kinetic (sliding) friction (dur-
ing motion):

Ft = mk . N,                 (9)

where mk — the coefficient of ki-
netic friction, typically lower than
ms\mu_sms, and it describes the
frictional behavior under sliding
contact.

During the interaction between
the tool and the metal strip (in rol-
ling or stamping operations), Cou-
lomb’s law allows for accounting
of frictional forces between the
surfaces by:

— defining the resistance to ma-
terial displacement in the contact
zone,

— influencing the distribution
of stresses and strains in the
plate,

— and being incorporated into
the mechanical-mathematical mo-
del as boundary conditions on the
contact surfaces.

For further analysis, it is advis-
able to consider the stress–strain
state in a characteristic cross-sec-
tion of the strip, taking into ac-
count its physical and mechanical
properties defined by the follow-
ing parameters: E — Young’s mo-
dulus; m — Poisson’s ratio; sy —
yield strength; K — hardening
coefficient; n — strain hardening
exponent.

Based on these fundamental
material characteristics, a mathe-
matical model was developed to
describe the laws governing elas-
toplastic deformation of the me-
tallic strip. In this context, it is ap-
propriate to apply constitutive re-
lations that capture both the elas-
tic and plastic behavior of the ma-
terial during the bending process.

Deformation law:

s = K . (ep)n,               (10)

where ep — the plastic strain.
To evaluate the stress state in

the cross-section, the plane bend-
ing condition is applied:

s(y) = E . k . y, (11)

where k — the curvature; yel — the
boundary of the elastic region.

The plastic zone arises under
the condition:

s(y) = sy, (12)

The bending moment consid-
ering plastic deformation is deter-
mined as:
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(13)

Contact interaction with the
tool:

— A normal contact pressure
p(x) is introduced along the con-
tour of the curve y = f(x);

— The friction coefficient m is
accounted for, generating tangen-
tial forces:

t = m . p(x).               (14) 

— The contact stresses are
included in the boundary condi-
tions of the elastoplastic deforma-
tion problem.

Accordingly, for numerical im-
plementation, a variational formu-
lation of the problem is construct-
ed as a minimization of the defor-
mation energy functional:

(15)

where W — the domain of the
strip; G — the contact boundary.

The consideration of contact
stresses and friction at the tool–
workpiece interface enables the
formulation of physically justified
boundary conditions for construct-
ing a complete mathematical mo-
del of the process. Based on the
results of this formulation, the key
output parameters are determin-
ed (table 3), which allow for a qu-
antitative assessment of the for-
ming process, the nature of the
stress–strain state, and the elastic
springback effects.

The proposed model is suitable
for numerical implementation using
the finite element method (FEM),

which enables variation of input
parameters and analysis of the in-
fluence of technological factors,
including:

— selection of material (e.g.,
AISI 321, Ti Grade 2, Al 6061,
etc.);

— geometry of the tool (type of
curvature);

— magnitude of the applied
forming force;

— friction conditions in the
tool–material contact zone.

Within the framework of nume-
rical simulation, distributions of
von Mises equivalent stresses
[14] (s<sub>von Mises</sub>),
equivalent plastic strains, as well
as the elastic springback field
after unloading were obtained
(figs. 9–11). This allows for a com-
prehensive assessment of the for-
ming behavior and residual stress-
es in the profile of the metal strip.

In real structural components,
stresses occur in multiple direc-
tions simultaneously. The von Mises
stress provides a means of reduc-
ing a complex three-dimensional
stress state to a single scalar
value, which can be compared to
the material’s yield strength ob-
tained from a uniaxial tensile test.

The diagram in fig. 9 presents
the maximum stress values gener-
ated in the materials under tool
loading. The highest stress levels
are observed in Ti Grade 2 and
AISI 321, indicating an intense
concentration of internal forces in
response to the contact action of
the profiling tool.

The diagram (fig. 10) illustrates
the pattern of plastic strain accu-
mulation within the material body.
The highest level of deformation is
observed for the Al 6061 alloy, fol-
lowed by L63. The lowest plastic
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Table 3
Key output parameters of the metallic strip deformation model

No Parameter Description Symbol/Unit

1
Distribution of normal
stresses

Stresses along the deformation
directions (x and y axes) charac-

terizing the stress state
sx, sg [MPa]

2 Distribution of strains
Relative dimensional changes

along x and y directions caused
by the applied load

ex, eg [–]

3
Depth of the plastic
zone

Thickness of the layer in which
irreversible (plastic) deformation

occurs
hpl [mm]

4
Curvature of the pro-
file after unloading

Geometric deviation of the pro-
file due to elastic springback

R or Dk [1/mm],
[mm]

5 Forming forces
Total load required to achieve the

specified profile shape
F(form) [N]

6
Contact reactions 
of the tool

Normal and tangential pressure
forces between the tool and the

material

Fnorm, F(friction)

[N]

7
von Mises equivalent
stress

Generalized stress measure that
determines the onset of plasticity

s(eq) or s(von
Mises) [MPa]

8
Equivalent plastic
strain

Integrated evaluation of the
extent of plastic strain accumu-

lation in the material
e(pl, eq) [–]

9
Field of residual
strains

Map of residual strains after
unloading, affecting the pro-

file’s stability
e(res) [–]

10
Displacement vector
of nodes

Overall material displacement
resulting from the forming

process
ux, ug [mm]

Fig. 9. Comparison of von Mises equivalent stresses for different materials
under plastic deformation



strain is exhibited by AISI 321
steel, indicating its limited ability
to undergo irreversible deforma-
tion under loading. This contrast
highlights the varying effective-
ness of materials in facilitating
plastic forming during bending.

The diagram (fig. 11) presents
the magnitude of geometric chan-
ges after unloading, which char-
acterizes the elastic recovery ef-
fect. This parameter is crucial for
evaluating profile accuracy and is
determined by the stiffness of the
material, particularly its Young’s
modulus.

Since the degree of elastic
springback directly depends on

the distribution of the stress–
strain state within the strip, further
analysis allows for identifying the
nature of spatial interaction bet-
ween elastic, plastic, and transi-
tion zones to ensure the geomet-
ric stability of the formed profile.

To identify characteristic de-
formation zones for each material
(AISI 321, AISI 1008, L63, Ti Grade
2, Al 6061), the results of simula-
tion of elastic–plastic profile for-
mation, as well as the distribution
of stresses and strains (based on
FEM), were used.

In this context, it is appropriate
to analyze the geometric charac-
teristics of the shape formation of
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Fig. 10. Comparison of relative plastic strain for various structural materials

Fig. 11. Springback after unloading for different materials, 
expressed as the profile recovery angle



basic profile types, which can be
applied as functional surfaces of
folding plates. Figure 12 presents
3D models of the plates, showing
the deflection behavior along the
Z-axis depending on the selected
profile trajectory. This representa-
tion allows for visually assessing
the suitability of each function —
sinusoidal, logistic, parabolic, and
involute — for achieving smooth
bending of materials with various
physico-mechanical properties.

Based on the obtained three-
dimensional models of profile for-
mation in bending elements (fig.
12), a further analysis of the stress–

strain state distribution in the me-
tal was carried out for different ma-
terials. This made it possible to ge-
neralize the simulation results and
construct a representative 3D dia-
gram (Fig. 13) illustrating the typi-
cal structure of deformation zones
(elastic, transition, and plastic) in the
cross-section of a metallic strip.

Such an approach allows for
the identification of specific fea-
tures of material–tool interaction
and facilitates prediction of profile
behavior under technological lo-
ading conditions.

Т Е Х Н О Л О Г І Ч Н І  П Р О Ц Е С И

22

IS
S

N
 2

0
7

7
7

2
6

4
. 

Те
хн

о
ло

гі
я 

і т
е

хн
ік

а 
д

р
ук

ар
ст

ва
. 

2
0

2
4

. 
№

 4
(8

6
)

Fig. 12. Geometric models of profile formation in bending elements: a — sinu-
soidal profile; b — logistic profile; c — parabolic profile; d — involute profile

a b

c d



The 3D diagram visualizes three
distinct zones: the region of pre-
dominantly elastic deformation, a
transition zone with localized plas-
ticity, and a zone of intensive plas-
tic deformation formed near the
apex of the bent profile.

The processes of profile forma-
tion in metallic strips, as considered
in the model, are described within
the framework of classical elasto-
plasticity theory using the differen-
tial relations of continuum mechan-
ics. The initial parameters obtained
from numerical simulation have
analytical interpretations.

The normal stress components
in the deformation plane (s<sub>
x</sub>, s<sub>y</sub>) are de-
termined based on the equilibrium
equations for the plane stress problem:

(16)

where txy — the shear stress,
and fx, fy — the components of bo-
dy forces.

The corresponding strain com-
ponents (e<sub>x</sub>, e<sub>
y</sub>) are calculated based on
the small strain relations:

(17)

where u(x,y) and v(x,y) — the dis-
placements in the x and y direc-
tions, respectively.

The generalized assessment of
the stress state is performed using
the von Mises equivalent stress:

(18)

and is compared with the yield
strength of the material s<sub>y
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Fig. 13. Generalized diagram of deformation zones in metallic strips



</sub>. The region where this con-
dition is satisfied is considered pla-
stic. The depth of the plastic zone
is defined as the maximum coordi-
nate along the thickness where
this condition holds true:

hpl = maxy{y:seq(x, y) ³ sy}.  (19)

The curvature of the deformed
profile after unloading is defined
as the second derivative of the nor-
mal displacement w(x) with res-
pect to the coordinate x:

(20)

The springback causes a
change in this curvature due to
unloading, which is taken into
account in the comparative analy-
sis of the curvature before and af-
ter the removal of external forces.

The total contact forces acting
on the tool are calculated as inte-
grals of the contact pressure and
tangential reactions along the con-
tour of the contact area:

Ft = m.Fn,  (21)

where p(x) — the normal contact
pressure; m — the coefficient of
friction.

The total force required for pro-
file formation includes both com-
ponents. To assess the degree of
accumulated plastic deformation,
the equivalent plastic strain is ap-
plied:

(22)

where — the components 

of the plastic strain tensor. After

unloading, part of the deformation
remains in the form of residual (ir-
reversible) strains:

eres = etot – eel,            (23)

and the total displacements of the
material are determined as the re-
sult of integrating the derivatives
of the displacement functions:

(24)

To numerically solve the prob-
lem of elastoplastic deformation
with contact interaction, it is nec-
essary to define both the geome-
try of the computational domain
and the appropriate boundary
conditions for displacements and
loads. To formulate a typical prob-
lem setup involving the profile for-
mation of a metallic strip by a rigid
tool with a curvilinear profile, the
following conditions are adopted:

To ensure positional stability:

u(x, 0) = 0, v(x, 0) = 0,     (25)

where u, v — the displacement
components in the x and y direc-
tions, respectively.

These conditions ensure rigid
fixation of the lower boundary of
the plate. On the axis of symmetry
(e.g., x = 0), the following bound-
ary conditions are imposed:

u(0, y) = 0, (26)

which corresponds to the absence
of tangential displacements and
shifts along the axis of symmetry.

On the contact surface with the
rigid tool, a normal pressure p(x)
is applied, acting in the direction
of the surface normal, and friction
is taken into account according to
Coulomb’s law:
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sn = –p(x), (27)

where sn — the normal contact
stress; tt — the tangential (shear)
friction stress, and m is the coeffi-
cient of friction.

On the free boundaries of the
plate (e.g., x = L or y = H), no ex-
ternal loads are applied, which
leads to the following boundary
conditions:

sij . nj = 0,                 (28)

where nj — the components of the
normal vector to the correspon-
ding boundary. This means that no
external forces are applied on these
boundaries, and the material is
free to move along their direction.

Taking into account the speci-
fied conditions, the problem is for-
mulated as a variational problem
of minimizing the potential defor-
mation energy:

(29)

where W — the strain energy den-
sity (e.g., based on Hooke’s law or
a more complex elastoplastic mo-

del); — represents the surface 

loads (including contact pressure
and friction forces); Gt — the por-
tion of the boundary where sur-
face forces act (contact with the
tool).

The simulation results make it
possible to predict the geometry
of the profile after deformation, ta-
king into account the material pro-
perties. This enables the selection
of an optimal bending shape to
achieve the required functionality

and wear resistance of folding
strips used in printing and pack-
aging equipment.

The use of mechanical and ma-
thematical models helps reduce
the number of experimental trials
required during the design of pro-
filed elements. This reduces ma-
terial consumption and prototype
manufacturing time, which is es-
pecially relevant for serial produc-
tion of profiled metal strips.

The developed models allow
for the prediction of springback
zones, residual stresses, and po-
tential geometric instability. The
obtained results of the profile-for-
ming simulation of metallic strips
can be directly applied to the de-
sign of mechanisms for folding
flaps in book and magazine inte-
gral covers.

Discussion
The results obtained in the co-

urse of numerical modeling have
confirmed the hypothesis about
the influence of the shape of the
deforming surface on the charac-
ter and magnitude of the deflec-
tion of metal plates used in folding
systems. The mirrored involute
deformation model demonstrated
a more symmetrical and gradual
displacement profile compared to
classical forms, which may lead to
a more uniform stress distribution
in the folding area.

A significant feature of the mir-
rored involute profile is the shift of
the maximum deflection zone to the
center of the plate’s width, which
differs from results for plates de-
formed by linear or parabolic pro-
files, where deformation maxima are
typically observed near the bend-
ing edge. This behavior is favorab-
le in terms of reducing local peak
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stresses and, consequently, im-
proving the durability of the guid-
ing elements during repeated ope-
ration in folding units.

Compared to the results repor-
ted in [7, 9], where sinusoidal and
parabolic profiles were consid-
ered, the involute profile ensures a
smoother stress transition along
the width of the plate. This differ-
ence can be attributed to the geo-
metry of the evolvent, which pro-
vides continuous variation of cur-
vature along the contact trajecto-
ry. The findings also align with the
conclusions presented in [11],
which emphasized the importance
of surface shaping in extending
the service life of folding tools.

A limitation of this study is the
absence of physical experiments
to validate the simulated deforma-
tion fields. Future work should
include experimental strain map-
ping using methods such as digi-
tal image correlation (DIC) to veri-
fy the numerical results and con-
firm the distribution of deflection
across the surface of the profiled
plate. Moreover, wear simulation
and fatigue analysis should be con-
ducted to assess the long-term
performance of folding elements
with evolvent-based deformation.

The originality of the proposed
model lies in the combination of
mirrored involute surface geome-
try and the use of a fine finite ele-
ment mesh, which allowed for a
detailed investigation of the defor-
mation behavior under load. The-
se results open up the possibility
of optimizing the design of folding
plates and indenters to improve
the reliability of machines involved
in the production of integral book
and magazine covers.

Conclusions
1. A new approach to the me-

chanical and mathematical mod-
eling of the profiling process for
metal strips has been proposed. It
combines geometric parameteri-
zation of the profile with numerical
simulation using the finite element
method. This approach enables
the reproduction of profile-form-
ing technologies for folding pla-
tes, taking into account material
properties and loading conditions.

2. The study identified the in-
fluence of physical and mechani-
cal properties (elastic modulus,
yield strength, and strain harden-
ing coefficient) on the deforma-
tion outcomes of profiled strips. It
was established that materials
with high yield strength (AISI 321,
Ti Grade 2) demonstrate higher
profile stability, whereas materials
with lower stiffness (Al 6061, L63)
exhibit greater susceptibility to lo-
calized bending.

3. Models and visualizations of
profile deformation were develop-
ed for plates with logistic, sinuso-
idal, parabolic, and involute pro-
files. This made it possible to
identify the characteristic zones of
elastic, plastic, and transitional de-
formation for each material type,
as well as to assess the geometric
stability of the resulting shapes.

4. The practical significance of
this work lies in the development
of a toolset for preliminary evalua-
tion of the geometric efficiency of
profiled folding plates made from
various materials. The findings of
the study can be applied in the de-
sign of folding units, elastic com-
ponents, or profiled parts in the fi-
elds of printing technology, me-
chanical engineering, and materi-
als science.
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Оá’ºêòîì äîñë³äæåííÿ º ïðîöåñ ôîðìîóòâîðåííÿ ïðî-
ô³ëüíèõ ôàëüöþâàëüíèõ ïëàíîê øëÿõîì äåôîðìóâàííÿ 

ìåòàëåâèõ ïëàñòèí ³ç âèêîðèñòàííÿì ìåõàí³êî-ìàòåìàòè÷-
íîãî ìîäåëþâàííÿ. Ìåòîþ º âñòàíîâëåííÿ âïëèâó ô³çèêî-
ìåõàí³÷íèõ âëàñòèâîñòåé ìàòåð³àë³â ³ òèïó ïðîô³ëþ íà õà-

ðàêòåð ðîçïîä³ëó íàïðóæåíü òà ôîðìóâàííÿ ãåîìåòð³¿ 
ó ïðîöåñ³ çãèíàííÿ.

Êëþ÷îâ³ ñëîâà: ïðîô³ëüíå ôîðìîóòâîðåííÿ; ôàëüöþâàëüí³
ïëàíêè; ìåòîä ñê³í÷åííèõ åëåìåíò³â; ìîäåëþâàííÿ 

äåôîð-ìàö³¿; ô³çèêî-ìåõàí³÷í³ âëàñòèâîñò³.
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